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Finite groups with odd Sylow automizers
Chaida Xu and Yuanyang Zhou
School of Mathematics and Statistics, Central China Normal University, Wuhan 430079, China
Abstract Let p be an odd prime number. In this paper, we characterize the nonabelian composition
factors of a finite group with odd p-Sylow automizers, and then prove that the McKay conjecture, the
Alperin weight conjecture and the Alperin-McKay conjecture hold for such a group.
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1 Introduction
Let p be a prime number, G a finite group and P a Sylow p-subgroup of G. McKay conjecture
asserts that |Irrp′(G)| = |Irrp′(NG(P ))|, where Irrp′(G) denotes the set of irreducible ordinary characters
of G with degree not divisible by p. Navarro conjectured that McKay conjecture should be compatible
with certain Galois automorphisms (see [12, Conjecture A]). Guralnick, Malle and Navarro completely
determined the composition factors of finite groups with odd self-normalizing Sylow subgroups (see [5,
Theorem 1.1]), and then proved his conjecture for such finite groups (see [13, Corollary B]). Later,
Guralnick, Navarro and Tiep characterized the composition factors of more general finite groups (see
[6, Theorem A]), which have odd Sylow normalizers, and proved McKay conjecture for such finite
groups. Along these developments, we investigate the composition factors of finite groups with odd
Sylow automizers.
Theorem 1.1. Let G be a finite group, p an odd prime number, and P a Sylow p-subgroup of G. Assume
that the quotient group NG(P )/PCG(P ) has odd order. If S is a composition factor of G, then either S
has cyclic Sylow p-subgroups, or S = PSL2(q) for some power q = p
f ≡ 3 (mod 4).
We call NG(P )/PCG(P ) as a p-Sylow automizer of G. The composition factors of G with the trivial
p-Sylow automizer have been investigated (see [5, Theorem 1.1 (2)]).
Theorem 1.1 looks almost the same as [6, Theorem A]. However there are finite simple groups with
odd Sylow automizer, but with even Sylow normalizer. For example, Mathieu group M24 and Janko
group J4 have odd 7-Sylow automizers and even 7-Sylow normalizers. The proof of Theorem 1.1 depends
on the classification of finite simple groups. The main difficulty of the proof lies in the case of finite
simple groups of defining characteristic p.
We use Theorem 1.1 to prove several conjectures. By [7, Theorems B and 15.3] and the first
paragraph of the proof of [8, Theorem 6.6] (for odd prime numbers) and by [10] (for the prime number
2), McKay conjecture holds finite groups with odd Sylow automizers.
Corollary 1.2. Let G be a finite group, p a prime number, and P a Sylow p-subgroup of G. Assume
that NG(P )/PCG(P ) has odd order. Then we have |Irrp′(G)| = |Irrp′(NG(P ))|.
By [16, Theorems A and C] and [8, Theorem 1.1], the blockwise Alperin weight conjecture holds for
finite groups with odd Sylow automizers. This almost generalizes the main theorem of [15].
1
Corollary 1.3. Let G be a finite group, p an odd prime number, and P a Sylow p-subgroup of G.
Assume that NG(P )/PCG(P ) has odd order. Then Alperin weight conjecture holds for all p-blocks of
the group G.
By [17, Theorem C], [1, Theorem A] and [8, Theorem 1.1], the Alperin-McKay conjecture holds for
finite groups with odd Sylow automizers.
Corollary 1.4. Let G be a finite group, p an odd prime number, and P a Sylow p-subgroup of G.
Assume that NG(P )/PCG(P ) has odd order. Then the Alperin-McKay conjecture holds for the group G
and the prime p.
In the rest of the paper, we always assume that p is an odd prime number. We remark that
NG(P )/CG(P ) has odd order if and only if NG(P )/PCG(P ) has odd order. So we alternatively use
NG(P )/CG(P ) and NG(P )/PCG(P ) during the proof of Theorem 1.1.
2 Reduction of Theorem 1.1
In this section, we prepare some results for the reduction of Theorem 1.1.
Lemma 2.1. Let G be a finite group with a Sylow p-subgroup P , and H a normal subgroup of G such
that G = PH. Set Q = P ∩H. Then we have CNH (Q)/QCH (Q)(P ) = NH(P )CH(Q)/QCH(Q), and the
inclusion NH(P ) ⊂ NG(P ) induces a surjective group homomorphism
CNH (Q)/QCH (Q)(P )→ NG(P )/PCG(P )
with kernel being a p-subgroup.
Proof. Clearly P acts on NH(Q)/QCH (Q) by conjugation, and the subgroup CNH (Q)/QCH (Q)(P ) of all
P -fixed elements in NH(Q)/QCH(Q) is equal to NH(P )CH(Q)/QCH(Q). Since G = PH and NH(P )∩
QCH(Q) = QCH(P ), the inclusion NH(P ) ⊂ NG(P ) induces the surjective group homomorphism in the
lemma. The kernel of the homomorphism is (NH(P )∩PCG(P ))CH(Q)/QCH(Q), which is a p-group.
Proposition 2.2. Assume that Theorem 1.1 holds for all almost simple finite groups with odd Sylow
p-automizer. Then Theorem 1.1 holds for all finite groups with odd Sylow p-automizer.
Proof. Let S be a nonabelian composition factor of G and P a Sylow p-subgroup of G. Since the
odd Sylow p-automizer condition is inherited by factor groups, we may assume that S is a nonabelian
simple subgroup of G. Since any principal series may be refined into a composition series and any two
composition series are equivalent, we may further assume that there is a minimal normal subgroups N
of G such that S is normal in N . If p does not divide the order of N , then p does not divide the order of
S either. So it suffices to show Theorem 1.1 when p divides the order of N and then that of S. Clearly
P is a Sylow p-subgroup of PN and NPN (P )/CPN (P ) has odd order. By induction, we may assume
that G = PN .
We write N = S1×S2×· · ·×St for some isomorphic simple groups S1, S2, · · · , St. Since S is normal
in N , we may assume that S1 = S. By [18, 3.3.10], P permutably acts on the set {S1, S2, · · · , St}.
The orbit of this action containing S determines a direct factor N1 of N , PN1 is a direct factor of
PN and NPN1(P )/CPN1(P ) has odd order. By induction, we may assume that P acts transitively on
S1, S2, · · · , St.
Set Q = P ∩ N . Clearly NN (P ) ⊂ NN (Q) and the inclusion induces a group homomorphism
NN (P )/CN (P ) → NN (Q)/QCN (Q) with kernel QCN (P )/CN (P ) and image NN (P )CN (Q)/QCN (Q).
Note that NN (P )CN (Q)/QCN (Q) = CNN (Q)/QCN (Q)(P/Q). So, NN (P )/CN (P ) has odd order if and
only if so does CNN (Q)/QCN (Q)(P/Q).
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Set Q1 = Q ∩ S, P1 = NP (S) and H = SP1. Let U = {x1, · · · , xt} be a representative set of right
cosets of P1 in P and take x1 = 1. Suppose that CNS(Q1)/Q1CS(Q1)(P1/Q1) has an involution xQ1CS(Q1).
It is easy to prove that the product z = Πu∈Ux
u ∈ NN (Q) and that zQCN (Q) centralizes P/Q. So
NN (P )/CN (P ) has even order. This contradicts NG(P )/CG(P ) having odd order. So NS1(P1)/CS1(P1)
has odd order and so does NH(P1)/CH(P1). By induction, we assume that N = S and G = SP .
Set R = CP (S). Then R is a normal p-subgroup of G, P/R is a Sylow p-subgroup of G/R and
NG/R(P/R)/CG/R(P/R) has odd order. By induction, we assume that P acts faithfully on S by conju-
gation. Then G is an almost simple group and the proof is done by the assumption of the proposition.
Let R be a p-group. Denote by Z(R) the center of R.
Lemma 2.3. Let G be a finite group and P a Sylow p-subgroup of G. Assume that P is nontrivial and
that NG(P )/PCG(P ) has odd order. Then all nonidentity elements in Z(P ) are not real.
Proof. Take a nonidentity element t in Z(P ). Suppose that t is real in G. Then t and t−1 are G-
conjugate to each other. By [2, Chapter 7, Theorem 1.1], there exists s ∈ NG(P ) such that t
s = t−1.
Since ts
2
= t, the order o(s) of s has to be even; otherwise, t = ts
o(s)
= t−1 and t is the identity of G.
Write o(s) = 2mr with r an odd number. Since ts
r
= t−1, sr lies in NG(P ) but outside CG(P ). So
the image of sr in NG(P )/CG(P ) is a 2-element and NG(P )/CG(P ) has even order. That contradicts
NG(P )/PCG(P ) having odd order. So t is not real.
Corollary 2.4. Let G be a finite group, P a Sylow p-subgroup of G, and S a normal nonabelian simple
subgroup of G. Assume that NG(P )/PCG(P ) has odd order and that p divides the order of S. Assume
that S is a simple group of Lie type over Fq, the field of q-elements, that p ∤ q, and that S is not B2(2)
′,
G2(2)
′, 2F4(2)
′, or 2G2(3)
′. Then S is of type An or
2An with n ≥ 2, Dn or
2Dn with 2 ∤ n and with
n ≥ 5, E6 or
2E6.
Proof. Since S is not B2(2)
′, G2(2)
′, 2F4(2)
′, or 2G2(3)
′, there is a simply-connected simple algebraic
group G over the algebraic closure F¯q of Fq with a Frobenius map F : G → G, such that S is isomorphic
to GF /Z(GF ). Assume that S is not of any type in the corollary. Then G is not of type An with n ≥ 2,
D2n+1, or E6. By [19, Proposition 3.1 (i) and (ii)], all semisimple elements in G
F are real. Since p ∤ q,
all p-elements in GF are semisimple and real. Thus all p-elements in S are real. But by the assumption
and Lemma 2.3, all nonidentity elements in Z(P )∩S are not real in G. That causes a contradiction.
3 Proof of Theorem 1.1
In order to prove Theorem 1.1, by Proposition 2.2, it suffices to show the following theorem.
Theorem 3.1. Let G be an almost simple finite group, P a Sylow p-subgroup of G, and S the socle
of G. Assume that G = SP and that NG(P )/PCG(P ) has odd order. Then either S has cyclic Sylow
p-subgroups, or S = PSL2(q) for some power q = p
f ≡ 3 (mod 4).
Lemma 3.2. Theorem 3.1 holds when S is an alternating group An.
Proof. When S is An, the group G is equal to S. Given an element t in S with order p, we write
t as a product (a11a12 · · · a1p)(a21a22 · · · a2p) · · · (ak1ak2 · · · akp) of k disjoint cycles. When k ≥ 2, t is
centralized by (a11a21)(a12a22) · · · (a1pa2p); when n− kp ≥ 2, t is centralized by an involution (ij) with
i, j ∈ {1, 2, · · · , n}−{a11, a12, · · · , a1p, a21, a22, · · · , a2p, ak1, ak2, · · · , akp}. So, when k ≥ 2 or n−kp ≥ 2,
the conjugacy class of t in An is equal to the conjugacy class of t in the Symmetric group Sn; in particular,
t and t−1 are conjugate in An and t is real. But by Lemma 2.3 and the assumption in Theorem 3.1,
all nonidentity elements in Z(P ) are not real. So k ≤ 1 and n − kp ≤ 1. This implies that n = p or
n = p+ 1 and thus that Sylow p-subgroups of S have to be cyclic.
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Lemma 3.3. Theorem 3.1 holds when S is a sporadic simple group.
Proof. Since p is odd, we have G = S and P = Q. Clearly the NG(P )-conjugation induces an action of
NG(P )/P on the set I of all nontrivial irreducible ordinary character of P/P
′, where P ′ is the derived
subgroup of P . The stabilizer of any character λ ∈ I contains PCG(P ), so the length of the orbit of the
action containing λ divides the order of NG(P )/PCG(P ). When P is noncyclic, by checking [20], the
length of the orbit containing λ for any λ ∈ I is always even. By the assumption, P has to be cyclic.
We use the notation SLǫ, GLǫ, PGLǫ and PSLǫ to denote SL, GL, PGL and PSL respectively when
ǫ = +, and SU, GU, PGU and PSU respectively when ǫ = −. Suppose that L = SLǫn(q) andH = GL
ǫ
n(q)
for a power q of some prime r. The group H is isomorphic to GLǫ(V ), where V is Fnq when ǫ = +
and Fnq2 when ǫ = −. Here Fq denotes the field of q-elements. We fix a basis e1, · · · , en of V , and
suppose that it is orthonormal if ǫ = −. We suppose that if (xij) ∈ H corresponds to f ∈ GL
ǫ(V )
under the isomorphism, then (xij) is the matrix of f under the basis e1, · · · , en. Denote by σ the field
automorphism H → H, (xij) 7→ (x
r
ij). The isomorphism σ induces field automorphisms on SL
ǫ
n(q),
GLǫn(q), PGL
ǫ
n(q) and PSL
ǫ
n(q), and we denote these automorphisms by σ for convenience. Let σ0 be
the p-part of σ.
Suppose that p and r are different. Let R be a Sylow p-subgroup of H. By [3, Chapter 3, §10] and
[4, Chapter 4, §4.10], we have R = RT ⋊RW ; there is a decomposition (which is orthogonal if ǫ = −)
V = V0 ⊕ V1 ⊕ · · · ⊕ Vm
of V (compatible with the given basis) as FqRT -modules (as Fq2RT -modules if ǫ = −), such that Vi ∼= V1
for 1 ≤ i ≤ m, dimVi = e = ordp(ǫq) and 0 ≤ dimV0 < e; RT = R1×· · ·×Rm with Ri a cyclic subgroup
of a cyclic maximal torus Ti of GL
ǫ(Vi) and |Ti| = q
e − ǫe; there is a subgroup Σ of NH(RT ), such that
Σ is centralized by σ and isomorphic to Sm and it acts on the sets {V1, · · · , Vm}, {T1, · · · , Tm} and
{R1, · · · , Rm} by permuting subscripts; RW is a Sylow p-subgroup of Σ.
Clearly σ0 stabilizes GL
ǫ(V1) and RW . We choose R1 to be a σ0-stable p-Sylow subgroup of GL
ǫ(V1)
and then construct Ri with the isomorphism Vi ∼= V1 for any 1 ≤ i ≤ m. Then RT is σ0-stable and so
are R and LR. Set H∗ = (LR)⋊ 〈σ0〉, P
∗ = R⋊ 〈σ0〉 and Q
∗ = L ∩ P ∗.
Lemma 3.4. Theorem 3.1 holds when S = PSLǫn(q) with n ≥ 3, ǫ = ± and p ∤ q.
Proof. Since G = SP is an almost simple group and p > 2, by the structure of the automorphism group
of S, we assume that G is a subgroup of PGLǫn(q) ⋊ 〈σ〉. Set M = LR ∩ Z(GL
ǫ
n(q)). The inclusion
H∗ ⊂ GLǫn(q)⋊ 〈σ〉 induces an injective group homomorphism H
∗/M → PGLǫn(q)⋊ 〈σ〉, so that we may
identify H∗/M with a subgroup of PGLǫn(q)⋊ 〈σ〉. Clearly S is contained in H
∗/M . Since P ∗ is a Sylow
p-subgroup of GLǫn(q)⋊ 〈σ〉, by a suitable conjugation, we may assume that G and P are contained in
H∗/M and P ∗M/M respectively.
a. Suppose p | (q − ǫ). Then e = 1 and m = n. Let Vi be the subspace generated by ei. Without
loss of generality, we identify Σ with Sn and suppose that Sn acts on the set {e1, · · · , en} by permuting
subscripts.
Suppose that there is an involution s ∈ NSn(RW ). Take t to be s if the determinant of s is 1
and sdiag(1, · · · , 1,−1) if the determinant of s is −1. Note that t ∈ L, that t stabilizes RT and R,
that t and σ0 commute, and that t normalizes Q
∗. For any x ∈ R1, we have txt
−1x−1 ∈ L ∩ RT ≤
Q∗. Since P ∗ = Q∗R1〈σ0〉, t centralizes P
∗/Q∗. Since the inclusion P ∗ ⊂ P ∗M induces a surjective
homomorphism P ∗/Q∗ → (P ∗M/M)/(Q∗M/M), the image t¯ of t in S centralizes the quotient group
(P ∗M/M)/(Q∗M/M). Since the inclusion P ⊂ P ∗M/M induces an injective group homomorphism
P/Q→ (P ∗M/M)/(Q∗M/M), t¯ centralizes P/Q. So we have t¯Q ∈ CNS(Q)/Q(P/Q) = NS(P )/Q.
Suppose t¯ ∈ CS(P )Q. Then t¯ ∈ CS(P ) ⊂ CS(Q). Since Q = Q
∗M/M , we have [t,Q∗] ⊂ Z(GLǫ(q)).
We write t into a product (i1i2)(j1j2) · · · of transpositions with disjoint letters. Without loss of gen-
erality, we suppose (i1i2) = (12). Take some x = diag(a
−1, a, 1, · · · , 1) ∈ Q∗ for some a 6= 1. Since
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txt−1x−1 = (12)x(12)−1x−1 = diag(a2, a−2, 1, · · · , 1) ∈ Z(GLǫ(q)), we have a2 = 1. Since p is odd,
a = 1. That causes a contradiction. So t¯ is not in CS(P )Q, the image of t¯ in NS(P )/CS(P ) is an
involution, NS(P )/CS(P ) has even order and so does NG(P )/CG(P ).
We prove that such s exists when p | (q−ǫ). By the proof in the last two paragraphs, NG(P )/CG(P )
has even order. That contradicts the assumption in Theorem 3.1.
Suppose n ≥ p + 2. By [6, Lemma 3.3(i)], there is an involution s ∈ NAn(RW ). Suppose n =
p or p + 1. We choose RW to be the subgroup generated by the cycle (12 · · · p) and can take s =
(1, p)(2, p − 1) · · · (p−12 ,
p+3
2 ). Suppose 4 ≤ n < p. Then RW is trivial and we can take s = (12)(34).
Suppose n = 3. We can take s = (12).
b. Suppose p ∤ (q− ǫ). Then R  L and e > 1. When m = 1, R is cyclic and so is Sylow p-subgroup
of S. So we may assume that m ≥ 2. We identify Σ with Sn.
By the proof of [6, Proposition 3.5], there is an involution t ∈ NAm(RW ), except when p > m = 2, 3
and whenm = p or p+1. In this case, by a proof similar to the proof in the second and third paragraphs
in the case a, we prove that NG(P )/CG(P ) has even order.
When p > m = 2, 3 or m = p or p+1, we take t to be the element t in the corresponding case in the
proof of [6, Proposition 3.5]. Again, by a proof similar to the proof in the second and third paragraphs
in the case a, we prove that NG(P )/CG(P ) has even order.
Let V = F 2nq be a quadratic space of type ǫ, where q is a power of some prime r. Set H = GO(V )
and L = Ω(V ). Choose an orthogonal basis e1, · · · , en of V . For any f ∈ H, denote by (xij)f the matrix
under the basis e1, · · · , en. The map H → GO
ǫ
2n(q), f 7→ (xij)f is a group isomorphism and it sends L
onto Ωǫ2n(q). Denote by σ the field automorphism H → H, (xij) 7→ (x
r
ij). The isomorphism σ induces
field automorphisms on L and PΩǫ2n(q), still denoted by σ. Let σ0 be the p-part of σ.
Suppose that p and r are different. Define ǫp = + if e = ordp(q) is odd, and ǫp = − if e is even. Set
d = lcm(2, e). Let R be a Sylow p-subgroup of H. By [3, Chapter 3, §10] and [4, Chapter 4, §4.10], we
have R = RT ⋊RW ; there is an orthogonal indecomposable decomposition
V = V0⊥V1⊥ · · · ⊥Vm
of V as FqRT -modules, such that Vi ∼= V1 for any 1 ≤ i ≤ m is a quadratic space of dimension d and type
ǫp and either dimV0 < d or dimV0 = d and V0 has type −ǫp; the basis e1, · · · , en of V can be chosen, so
that it is compatible with the decomposition and the isomorphisms Vi ∼= V1 for all i; RT = R1×· · ·×Rm
with Ri a cyclic subgroup of a cyclic maximal torus Ti of GO(Vi), acting orthogonally indecomposably
on Vi and trivially on Vj for all j 6= i, and |Ti| = q
d/2 − ǫp; there is a subgroup Σ of NH(RT ), such
that Σ is centralized by σ and isomorphic to Sm and it acts on the sets {V1, · · · , Vm}, {T1, · · · , Tm} and
{R1, · · · , Rm} by permuting subscripts; RW is a Sylow p-subgroup of Σ.
Clearly σ0 stabilizes GL(V1) and RW . We choose R1 to be a σ0-stable p-Sylow subgroup of GO(V1)
and construct Ri with the isomorphism Vi ∼= V1 for any 1 ≤ i ≤ m. Then RT is σ0-stable and so is R.
Lemma 3.5. Theorem 3.1 holds when S = PΩǫ2n(q) with 2 ∤ n ≥ 5, ǫ = ± and p ∤ q.
Proof. Since p is odd, we may identify Q with R. Since G = SP and n ≥ 5, by the structure of the
automorphism group of S, we assume that G is a subgroup of S ⋊ 〈σ0〉 and that P is a subgroup of
P ∗ = R⋊ 〈σ0〉.
Suppose that V0 6= 0, or p ∤ m and m > 1. By the first and second paragraph of the part (b) of the
proof of [6, Proposition 3.6], some nonidentity element of Z(P ) is real in G. But by Lemma 2.3 and
the assumption in Theorem 3.1, all nonidentity element of Z(P ) are not real in G. So a contradiction
arises. Suppose that m = 1. Then Q is cyclic.
Suppose that V0 = 0, m ≥ 2 and p|m. By the parts (c), (d) and (e) of the proof of [6, Proposition
3.6], there is a σ0-fixed involution t ∈ L− Z(L) such that (−1V )
jt for some suitable j ∈ {0, 1} belongs
to NSm(RW ), where 1V is the identity map on V .
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Denote by t¯ the image of t in S. Clearly t normalizes RT and R. Since P = R(P ∩ 〈σ0〉), t¯ ∈ NS(P ).
Suppose that t¯ ∈ CS(P ). Then t¯ ∈ CS(P ) ⊂ CS(Q) and [t, R] ⊂ {±1V }. Next we use the inclusion
[t, R] ⊂ {±1V } to produce a contradiction. We may assume that t is an involution in Sm. We write t into
a product (i1i2)(j1j2) · · · of transpositions with disjoint letters. Without loss of generality, we suppose
(i1i2) = (12). Take a suitable A ∈ GO
ǫp
d (q) of order p, so that x = diag(A
−1, A,Ed, · · · , Ed) ∈ R, where
Ed is the identity (d × d)-matrix. Since txt
−1x−1 = (12)x(12)−1x−1 = diag(A2, A−2, Ed, · · · , Ed) ∈
{±E2n}, we have A
4 = Ed. Thus A = Ed since p is odd. That causes a contradiction. Therefore
t¯ is outside CS(P ), NS(P )/CS(P ) has even order and so does NG(P )/CG(P ). That contradicts the
assumption in Theorem 3.1.
Lemma 3.6. Theorem 3.1 holds when S = Eǫ6(q) with ǫ = ± and p ∤ q.
Proof. Suppose p ∤ (q5 − ǫ)(q9 − ǫ); by the first paragraph of the proof of [6, Proposition 3.8], Z(P )∩Q
contains a nonidentity real element in S. But, since NG(P )/PCG(P ) has odd order, by Lemma 2.3, all
nonidentity element in Z(P ) are not real. That causes a contradiction.
Suppose p | (q5 − ǫ)(q9 − ǫ) but p ∤ (q3 − ǫ). Then Q is cyclic.
Suppose p | (q3−ǫ) but p ∤ (q−ǫ). Then p 6= 3; otherwise, q2+ǫq+1 = (q−ǫ)2+3ǫq, p ∤ (q2+ǫq+1)
and p ∤ (q3 − ǫ); that contradicts the assumption. Since G = SP is an almost simple group, by the
structure of the group Aut(S), we may assume that G = S ⋊ 〈ϕ〉 and P = Q⋊ 〈ϕ〉 for a suitable field
automorphism ϕ of S.
Set Sˆ = Eǫ6(q)sc. Then Sˆ is a universal cover of S. By [4, Remark 2.4.11 and Theorem 2.5.14 (d)],
the field automorphism ϕ can be uniquely lifted to a field automorphism ϕˆ of Sˆ. Let Qˆ be the Sylow
p-subgroup of the converse image of Q in Sˆ. Clearly ϕ normalizes Q, ϕˆ normalizes Qˆ, the action of ϕ
on S induces an action of ϕ on NS(Q)/QCS(Q), and the action of ϕˆ on Sˆ induces an action of ϕˆ on
NSˆ(Qˆ)/QˆCSˆ(Qˆ). The natural surjective homomorphism Sˆ → S induces a group isomorphism
NSˆ(Qˆ)/QˆCSˆ(Qˆ)
∼= NS(Q)/QCS(Q)
compatible with field automorphisms ϕ and ϕˆ. In particular, an element in NSˆ(Qˆ)/QˆCSˆ(Qˆ) is fixed by
ϕˆ if and only if the corresponding element in NS(Q)/QCS(Q) is fixed by ϕ.
Suppose that ǫ = +. We claim that p 6= 5. Otherwise, since p ∤ (q − 1), we have q = 5k + t,
where t = 0, or 2, or 3, or 4; since q3 − 1 ≡ t3 − 1 (mod 5), p ∤ (q3 − 1); that contradicts the assumption
p | (q3 − ǫ). Since p does not divide the order of the Weyl group of Sˆ, by the proof of [14, Proposition
7], ϕˆ fixes an involution in NSˆ(Qˆ)/CSˆ(Qˆ). So ϕˆ fixes an involution in NSˆ(Qˆ)/QˆCSˆ(Qˆ) and ϕ fixes
an involution in NS(Q)/QCS(Q). In particular, P fixes an involution in NS(Q)/QCS(Q). By Lemma
2.1, we have a surjective homomorphism CNS(Q)/QCS(Q)(P ) → NG(P )/PCG(P ) with kernel being a p-
subgroup. The image in NG(P )/PCG(P ) of the involution fixed by P is an involution. That contradicts
the assumption in Theorem 3.1.
Suppose that ǫ = −. Similarly we use the proof of [14, Proposition 7] to prove that NG(P )/PCG(P )
contains an involution. That contradicts the assumption in Theorem 3.1 again.
Suppose that 3 6= p|(q − ǫ). It is proved in the proof of [6, Proposition 3.8] that Z(P ) ∩Q contains
a nonidentity real element z in S. By Lemma 2.3 and Theorem 3.1, that causes a contradiction.
Suppose that 3 = p|(q − ǫ). Let G be a simply connected simple algebraic group of type E6 over
F¯q with a Frobenius map F : G → G, such that Sˆ = G
F . By [11, Theorem 25.11], there is a unique
Sˆ-conjugacy class of maximal tori T in G such that T = T F has order (q − ǫ)6 and that NSˆ(T )/T is
the Weyl group of E6. By the Frattini argument, we may assume that P normalizes A = NSˆ(T ) and T .
By the last paragraph of the proof of [6, Proposition 3.8], A has a subgroup B containing T and fixed
by P , such that NB(Qˆ) = Qˆ⋊ C2 = Qˆ⋊ 〈t〉. The image of t in NSˆ(Qˆ)/QˆCSˆ(Qˆ) is an involution fixed
by P and the corresponding element in NS(Q)/QCS(Q) is an involution fixed by P . As above, we use
Lemma 2.1 to prove that NG(P )/PCG(P ) contains an involution. That causes a contradiction.
Lemma 3.7. Theorem 3.1 holds when S is a simple group of Lie type in characteristic p.
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Proof. Suppose that S is 2G2(3)
′. In this case, p = 3 and S is isomorphic to PSL2(8). Since Sylow
3-subgroups of S are cyclic, Theorem 3.1 holds. So in the rest of the proof, we may suppose that S is
not 2G2(3)
′.
Suppose that S 6= D4(q) or p 6= 3, where q is a power of p. By the structure of automorphism
groups of finite simple groups, we may suppose that G = S ⋊ 〈δ〉 and P = Q⋊ 〈δ〉 for a suitable field
automorphism δ of order a power of p. Since p is odd, it is known that there is a simply connected simple
algebraic group G over F¯q with a Frobenius map F : G → G such that S = G
F /Z(GF ). By [4, Remark
2.4.11 and Theorem 2.5.14 (d)], the field automorphism δ can be uniquely lifted to a field automorphism
σ of GF . Denote by R the Sylow p-subgroup of the converse image of Q in GF . Since δ stabilizes Q, σ
stabilizes R. The natural surjective homomorphism GF → S induces a group isomorphism
NGF (R)/RCGF (R)
∼= NS(Q)/QCS(Q).
An element in NGF (R)/RCGF (R) is fixed by σ if and only if its image in NS(Q)/QCS(Q) is fixed
by δ. In particular, an involution d in NGF (R)/RCGF (R) is fixed by σ if and only if its image d¯ in
NS(Q)/QCS(Q) is fixed by δ if and only if d¯ ∈ CNS(Q)/QCS(Q)(P ). By Lemma 2.1, we have a surjective
homomorphism CNS(Q)/QCS(Q)(P ) → NG(P )/PCG(P ) with kernel being a p-subgroup. The image in
NG(P )/PCG(P ) of d¯ is an involution. So in order to prove the lemma, it suffices to show that there is
a σ-fixed involution in NGF (R)/RCGF (R).
Let T be a F -stable maximal torus of G and Φ the root system of G with respect to T (a subset of the
character group of T ). Denote by Ga the additive group. For each α, there is a morphism xα : Ga → G
of algebraic groups, which induces an isomorphism onto xα(Ga) such that txα(c)t
−1 = xα(α(t)c) for any
t ∈ T and any c ∈ F¯q. The image of xα is called the root subgroup of G with respect to T associated
with α, denoted by Uα. For any α ∈ Φ and any nonzero t ∈ F¯q, set
nα(t) = xα(t)x−α(−t
−1)xα(t) and hα(t) = nα(t)nα(1)
−1.
Then T = 〈hα(t)|t ∈ F¯q −{0}, α ∈ Φ〉. Let ∆ be a fundamental system of Φ and Φ
+ the corresponding
positive subsystem of Φ. Set U = 〈Uα|α ∈ Φ
+〉 and B = TU . Then B is a F -stable Borel subgroup of
G containing T with the unipotent radical U . It is known that UF is a Sylow p-subgroup of GF . Since
R is also a Sylow p-subgroup of GF , we may assume that R = UF .
Suppose that the permutation on the coxeter graph associated with Φ induced by F is trivial. Further
assume that the rank of Φ is bigger than 1. Then we can choose two fundamental roots r 6= s ∈ Φ such
that hr(−1)xs(u)hr(−1)
−1 = xs(−u) for any u ∈ Fq. So hr(−1) lies in NGF (R) but outside CGF (R).
In particular, the image of hr(−1) in NGF (R)/RCGF (R) is an involution. Since σ(hr(−1)) = hr(−1),
the involution is fixed by σ and so the group NG(P )/PCG(P ) has even order. This contradicts the
assumption in Theorem 3.1. So the rank of Φ has to be 1 and then S is isomorphic to PSL2(q). In this
case, by [6, Theorem A], q = pf ≡ 3 (mod 4).
Suppose that the permutation ρ on the coxeter graph associated with Φ induced by F is nontrivial.
In this case, since p is odd, Φ is type of A, D, E or G2.
Suppose that Φ is type of Aℓ. Further suppose that ℓ ≥ 4. We choose roots r and s in the coxeter
graph associated with Φ as the following
r s . . .
ρ(r)ρ(s)
Set h = hs(−1)hρ(s)(−1) and g = xr(u)xρ(r)(u
q) for some u ∈ Fq2−{0}. Clearly h is a σ-fixed involution
in TF , g is an element of R and gh = xr(−u)xρ(r)(−u
q) 6= g. So the image of h in NGF (R)/RCGF (R) is
a σ-fixed involution and NG(P )/PCG(P ) has even order.
Suppose that ℓ = 3 and that {r, s, ρ(r)} is a fundamental system of Φ. Set h = hs(−1) and
g = xr(u)xρ(r)(u
q) for some u ∈ Fq2 − {0}. Similarly, the image of h in NGF (R)/RCGF (R) is a σ-fixed
involution and NG(P )/PCG(P ) has even order.
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Suppose that ℓ = 2 and that {r, s} is a fundamental system of Φ. Any element g of R can be
uniquely written as xr(t1)xs(t
q
1)xr+s(t2) for some t1, t2 ∈ Fq2 such that t2 + t
q
2 = ±t
q+1
1 ; moreover, the
order of R is q3. Set h = hr(−1)hs(−1). Suppose that h ∈ CGF (R). Then we have
gh = xr(−t1)xs(−t
q
1)xr+s(t2) = xr(t1)xs(t
q
1)xr+s(t2) = g.
The equalities force t1 = 0. But t1 may take nonzero element in Fq2 . That causes a contradiction.
Suppose that Φ is type of E6. Then, as in the case Aℓ for ℓ ≥ 4, we prove that NG(P )/PCG(P ) has
even order. That causes a contradiction.
Suppose that Φ is type of Dℓ for ℓ ≥ 4. Suppose that ℓ ≥ 5 or that S =
2D4(q). As in the case
Aℓ for ℓ = 3, we prove that NG(P )/PCG(P ) has even order. Suppose that S =
3D4(q). We take the
coxeter graph associated with Φ as the following
r3
s
r2
r1
Take h = hr1(−1)hr2(−1)hr3(−1) ∈ T
F and g = xs(u) ∈ R for some nonzero u ∈ Fq. Since g
h = xs(−u)
and σ(h) = h, the image of h in NGF (R)/RCGF (R) is a σ-fixed involution and NG(P )/PCG(P ) has
even order. In a word, NG(P )/PCG(P ) always has even order when Φ is type of Dℓ for ℓ ≥ 4. That
causes a contradiction.
Suppose that Φ is type of G2. In this case, p = 3 and q = 3
2m+1. We suppose that {a, b} is
a fundamental system of Φ with b the short root. Any element of R can be uniquely written as a
product xa(u)xb(u
θ)xa+3b(v)xa+b(v
θ − u1+θ)x2a+3b(w)xa+2b(w
θ − u1+2θ), where u, v, w ∈ F and θ is a
field automorphism on Fq such that 3θ
2 = 1. Take h = ha(−1)hb(−1) ∈ T
F . If h lies in CGF (R), we
have
gh = xa(−u)xb(−u
θ)xa+3b(v)xa+b(v
θ − u1+θ)x2a+3b(−w)xa+2b(−w
θ + u1+2θ)
= xa(u)xb(u
θ)xa+3b(v)xa+b(v
θ − u1+θ)x2a+3b(w)xa+2b(w
θ − u1+2θ).
Then by the uniqueness, we have u = w = 0. That is impossible. So h ∈ NGF (R) − CGF (R). Since
σ(h) = h, the image of h in NGF (R)/RCGF (R) is a σ-fixed involution. Thus NG(P )/PCG(P ) has even
order. That causes a contradiction.
Finally, suppose that S = D4(q) and p = 3. We choose a simply connected simple algebraic group G
with a Frobenius map F : G → G so that GF /Z(GF ) ∼= S. In order to avoid repeat, we directly use the
notation in the fourth paragraph in the proof to the algebraic group G here. We take the coxeter graph
associated with Φ as in the 11th paragraph. Set h = hr1(−1)hr2(−1)hr3(−1) ∈ T
F and g = xs(u) ∈ R
for some nonzero u ∈ Fq. Since g
h = xs(−u) and field and graph automorphisms on G
F fix h, the image
h¯ of h in NGF (R)/RCGF (R) is an involution fixed by field and graph automorphisms on G
F . The natural
map GF → S induces a group isomorphism NGF (R)/RCGF (R)
∼= NS(Q)/QCS(Q), and field and graph
automorphisms on S can be lifted to field and graph automorphisms on GF . So the image h˜ of h¯ in
NS(Q)/QCS(Q) is fixed by field and graph automorphisms on S. Since p = 3, by the structure of the
automorphism group of S, we may assume that G = S ⋊ P¯ , where P¯ is an automorphism subgroup of
S generated by suitable field and graph automorphisms. Clearly h˜ lies inside CNS(Q)/QCS(Q)(P¯ ). Then,
as in the fourth paragraph, we use Lemma 2.1 to prove that NG(P )/PCG(P ) has to be of even order.
That causes a contradiction. The proof is done.
Proof of Theorem 3.1. Suppose that S is B2(2)
′. In this case, S is isomorphic to A6 and Theorem
3.1 follows from Lemma 3.2.
Suppose that S is G2(2)
′. In this case, S is isomorphic to 2A2(3). Then Theorem 3.1 follows from
Lemma 3.4 when p 6= 3 and from Lemma 3.7 when p = 3.
Suppose that S is 2G2(3)
′. In this case, S is isomorphic to PSL2(8) and then Theorem 3.1 follows
from Lemma 3.4.
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Suppose that S is 2F4(2)
′. In this case, G = S and p-Sylow automizers of G have even order. So
this case is excluded.
In the rest of the proof, we suppose that S is not isomorphic to B2(2)
′, G2(2)
′, 2G2(3)
′, or 2F4(2)
′.
Then Theorem 3.1 follows from Corollary 2.4 and Lemmas 3.2-3.7.
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